In this paper we discuss the role of the uncertainty in the even zonal harmonic coefficients J ℓ of the Newtonian component of the terrestrial gravitational potential from the most recent CHAMP and/or GRACE based Earth gravity models on the measurement of the general relativistic gravitomagnetic Lense-Thirring effect with the nodes Ω of the existing laser-ranged LAGEOS and LAGEOS II satellites. It turns out that the systematic error due to the mismodelling in the J ℓ coefficients ranges from ∼ 4% for EIGEN-GRACE02S to ∼ 9% for GGM02S at 1-sigma level. Another important source of systematic error of gravitational origin is represented by the secular variationsJ ℓ of the even zonal harmonics. While the relativistic and J ℓ signals grow linearly in time, the effect ofJ ℓ is quadratic. We quantitatively assess their impact on the measurement of the Lense-Thirring effect. We realistically simulate the time series of the combined LAGEOS and LAGEOS II nodes by including in it the Lense-Thirring signal as predicted by the General Theory of Relativity and the other classical dynamical features which affect the orbits of the LAGEOS satellites. In order to evaluate the systematic error due toJ ℓ on the measurement of the gravitomagnetic shift we fit our model with a straight line only and with a quadratic polynomial and compare the so obtained slopes. By performing 5000 runs, in which we randomly vary the noise, the amplitudes and the initial phases of the constituents of the model in order to simulate different initial conditions and mismodelling levels within the currently accepted ranges, we obtain a 1-sigma ∼ 13% average error over 11 years. This yields a 1-sigma 19% total error in the test recently performed by Ciufolini and Pavlis with the 2nd generation GRACE-only EIGEN-GRACE02S Earth gravity model over 11 years.
Introduction
Recently, a test of the general relativistic gravitomagnetic Lense-Thirring effect (Lense and Thirring 1918) on the orbit of a test particle has been performed (Ciufolini and Pavlis 2004) in the gravitational field of the Earth by analyzing the data of the existing laser-ranged LAGEOS and LAGEOS II satellites according to a strategy proposed in (Iorio and Morea 2004) over an observational time span T obs of 11 years with the 2nd generation GRACEonly EIGEN-GRACE02S Earth gravity model (Reigber et al. 2005) released by the GeoForschungsZentrum (GFZ), Potsdam. The claimed total accuracy is 5-10% at 1-3 sigma but such estimate is rather controversial (Iorio 2005a) , mainly due to the impact of the systematic error induced by the secular variationsJ ℓ of the even zonal harmonic coefficients J ℓ of the multipolar expansion of the Earth's gravitational potential. Another critical remark is that no different Earth gravity models have been used.
In this paper we will quantitatively investigate these issues.
The originally proposed LAGEOS-LAGEOS II J -free combination
The adopted observable is the following combination of the residuals of the rates of the nodes of LAGEOS and LAGEOS II (Iorio and Morea 2004) δΩ LAGEOS obs + c 1 δΩ
where c 1 ∼ 0.546, S LT = 48.1 milliarcseconds per year (mas yr −1 ) is the slope of the secular trend as predicted by the relativistic gravitomagnetic force, µ LT is equal to 1 in the General Theory of Relativity and 0 in the Newtonian mechanics. The combination of eq. (1) has been built up in order to cancel out the first even zonal harmonic J 2 , along with its secular variationsJ 2 . This idea has been qualitatively put forth for the first time in (Ries et al. 2003) in the context of the improvements in our knowledge of the Earth's gravity field from the dedicated GRACE mission. A similar approach was adopted by Ciufolini (1996) for his early, less precise tests with the nodes of the LAGEOS satellites and the perigee of LAGEOS II (Ciufolini et al. 1998 ). More precisely, let us write the observed residuals of the rate of the node of a satellite in terms of the Lense-Thirring precession and of the classical precession induced by the Earth's quadrupole mass moment
andΩ
in which G, L, R, c, a, e, i, n are the Newtonian gravitational constant, the Earth's proper angular momentum, the Earth's mean equatorial radius, the speed of light in vacuum, the satellite's orbital semimajor axis, eccentricity, inclination and Keplerian mean motion n = GM/a 3 , respectively. The coefficientsΩ .ℓ have been explicitly worked out in (Iorio 2003) up to degree ℓ = 20. If we write eq. (2) for both LAGEOS and LAGEOS II, whose orbital parameters are reported in Table 1 , and solve the so obtained linear system of two equations in the two unknowns µ LT and J 2 for µ LT it is possible to obtain eq. (1) in which
(5) Note that c 1 is independent of the time span and of the even zonal harmonics: it is only fixed by the orbital parameters of LAGEOS and LAGEOS II.
The impact of the the even zonal harmonics
The combination of eq. (1) is, by construction, affected by all the remaining even zonal harmonics of degree higher than two, along with their secular variations J 4 , J 6 , J 8 , ...J 4 ,J 6 .
The error due to the static part of the geopotential
Their impact is quite larger than the Lense-Thirring effect. Indeed, according to, e.g., the EIGEN-CG01C Earth gravity model (Reigber et al. 2004) , which has recently been released by the GFZ and combines data from CHAMP, GRACE and terrestrial measurements, the nominal rate induced by the static part of the even zonals on the combination of eq. (1) is −1.6910108 × 10 5 mas yr −1 . It turns out that for the LAGEOS satellites the precessions due to the zonals with ℓ ≥ 16 can safely be neglected: indeed, their effect on the combination of eq. (1) amounts to 0.05 mas yr −1 . Thus, it is necessary to model the action of the classical part of the terrestrial gravitational field very accurately.
Unfortunately, it turns out that the present-day knowledge of it, represented by the latest models based on CHAMP and, especially, GRACE, is not yet good enough to allow for a reliable, model-independent 1% test of the Lense-Thirring effect. Indeed, as summarized in Table 2 , the systematic percent bias δµ geopotential LT induced by the mismodelled part of the geopotential on the gravitomagnetic effect ranges from 4% for EIGEN-GRACE02S to 8.7% for the GGM02S model (http://www.csr.utexas.edu/grace/gravity/) released by the Center for Space Research (CSR), Austin. These figures are 1-sigma upper bounds obtained by linearly adding the absolute values of the individual mismodelled precessions. Since the signature of such source of bias is equal to that of the Lense-Thirring effect, it is not possible to fit and remove it from the time series without also affecting the relativistic signal of interest. It is only possible to evaluate as more accurately as possible its aliasing impact.
The error due to the secular variations of the even zonal harmonics
Another source of non-negligible systematic error is represented by the secular variations of the even zonal harmonics of low-degree. Indeed, their effect integrated over the time grows quadratically; moreover, they are, at present, rather poorly known, as can be inferred from Table 3 . This problem, initially misunderstood in (Iorio and Morea 2004) , was tackled in (Iorio 2004 ). An a priori quantitative evaluation of their aliasing impact on the recovery of the Lense-Thirring effect can be performed by calculating the following quantity over a chosen observational time span T obs 6 ℓ=2
For T obs = 11 years it turns out that, according to Table 3 , their impact amounts to ∼ 12%. Note that, sinceJ 2 does not affect the combination of eq.
(1) and the errors inJ 4 andJ 6 are of the same order of magnitude of the nominal values, the situation does not change if we calculate eq. (6) with the σJ ℓ instead of their best estimates. Another point to be considered is that the secular variations of the even zonal harmonics have not been solved for in the latest Earth's gravity models: they have been held fixed to default values obtained from multi-year data analysis of the data of the fleet of the existing laser-ranged satellites of LAGEOS type. In GGM02S onlẏ J 2 = −2.6×10 −11 yr −1 is present, while in the GFZ modelsJ 2 = −2.6×10 −11 yr −1 andJ 4 = −1.41 × 10 −11 yr −1 are included.
Numerical simulations
Another more convincing evaluation of the role played byJ ℓ in the performed measurement of the Lense-Thirring effect can be obtained in the following way.
Following (Pavlis and Iorio 2002) , we simulate a residual time series (called Input Model, IM) for the combination of eq. (1) by including in it
• LT≡ S LT t. Lense-Thirring trend as predicted by the General Theory of Relativity
term due to theJ ℓ according to Table 3 . The numbers {r} are randomly generated from a normal distribution with mean zero, variance one and standard deviation one.
• ZONALS≡ p x 100 S LT t. Linear trend with a slope of x% of the LenseThirring according to Table 2 . The number p are randomly generated as for the {r} • TIDE≡ {a c }σ Ac cos 2π P t + {f c } + {a s }σ As sin 2π P t + {f s } . Set of various tidal perturbations of known periods P . For the impact of such kind of perturbations on the orbits of the LAGEOS satellites see (Iorio 2001) . The sets of numbers {a c }, {a s }, {f c }, {f s } are randomly generated as p and the {r} • NOISE. White gaussian noise with variable amplitude which simulates the observational errors of the laser-ranged measurement
In a nutshell IM = LT + ZONDOT + ZONALS + TIDE + NOISE.
We include in our model the possibility of varying the length of the time series T obs , the temporal step ∆t which simulates the orbital arc length, the amplitude of the noise and of the mismodelling in the perturbations and the initial phases of the sinusoidal terms in order to simulate different initial conditions and uncertainties in the dynamical force models of the orbital processors. More precisely, the magnitude of the mismodelling in the various effects is randomly varied within the currently accepted ranges (1-sigma) by using random numbers generated from a normal distribution with mean zero, variance one and standard deviations one. The same also holds for ZONALS because it is impossible to know, a priori, the sign of the slope of the residual trend due to the even zonal harmonics. The so built IM represents the basis of our subsequent analyses. In order to check the reliability of the adopted procedure we first try to obtain some of the (few) quantitative features of the real signal as released by Ciufolini and Pavlis (2004) . E.g., the 'raw' curve of Figure 2 (a) of (Ciufolini and Pavlis 2004) was first fitted with a straight line only obtaining a Root Mean Square (RMS) of the post-fit residuals of 15 mas. To this aim we perform 5000 runs for T obs = 11 years and x = 4 in order to simulate the impact of the mismodelling due to EIGEN-GRACE02S by fitting the simulated signals with a straight line (LF) a 0 + St. We calculate the RMS of the LF post-fit residuals. The averaged RMS amounts to 15.6 mas. In Figure 1 we plot the simulated time series, the fitted straight line and the post-fit residuals for one of such runs representing a generic set of initial conditions and mismodelling in the force models. The RMS for such model is 14.8 mas. This shows that our strategy represent a good starting point.
The recovery of the slope S with LF is reliable because over 500 runs the average error amounts to
T obs =11 years 5000 runs = 0.8%.
A first interesting result is that a departure of ∼ 7% from the predicted Lense-Thirring effect, which is present in IM, occurs, i.e.
S LF − S LT S LT 100
T obs =11 years 5000 runs ∼ 7%.
Instead, Ciufolini and Pavlis (2004) claim that the slope of their linear fit amounts to 47.4 mas yr −1 , i.e. a ∼ 1% departure from the predictions of the General Theory of Relativity.
In the same set of 5000 runs we also fit the IM with a quadratic polynomial (QF) finding
T obs =11 years 5000 runs ∼ 14%.
In order to assess the impact of the secular variations of the even zonal harmonics, we make the following preliminary remark. From a simple visual inspection of Figure 1 , which refers to a IM built with 1σJ ℓ , it is not possible to infer anything about the presence or not of a quadratic term due attributable to the secular variations of the even zonal harmonics. The same would hold also for 2-sigma and 3-sigma, as clearly shown in Figure  2 in which we have plotted the IM built with 2σJ ℓ and 3σJ ℓ for the same set of initial conditions and mismodelling. In the following we will work at 1-sigma level. To be more quantitative, we assess the systematic error due to the rates of the even zonals by calculating for every run the difference between the slopes obtained with the previously described LF and QF 1 . We get S QF − S LF S LT 100
T obs =11 years 5000 runs ∼ 13%.
For 2σJ ℓ and 3σJ
ℓ we obtain 15% and 17%, respectively. Note that the approach of comparing the slopes of the fits performed with and without the features of which we want to assess the effect is the same adopted by Pavlis and Iorio (2002) and Ciufolini and Pavlis (2004) for the time-dependent harmonic perturbations. However, the problem of the secular rates of the even zonals was not treated in (Ciufolini and Pavlis 2004 ) which only deal with the time-dependent sinusoidal perturbations finding a 2% maximum error.
Another way to assess the effect ofJ ℓ could be, in principle, the following. After fitting IM with QF, we may get a IM ′ by subtracting the quadratic term Qt 2 , obtained with QF, from IM. Thus, we may fit the so obtained 'cleaned' time series IM ′ with a straight line only (LF ′ ) and compare the so obtained slope with that previously obtained with LF. Unfortunately, this procedure is unreliable because it turns out that the coefficient Q of QF must be considered as undetermined. Indeed, the error in it is always larger than the estimated value and also the distribution of the results of the 5000 runs has a width much larger than its mean value (see Figure ? ?j4doteff): the percent error calculated with the standard deviation of the mean is ∼ 300%. Incidentally, this also rules out the possibility of using the combination of eq. (1) for measuring aJ eff 4 , contrary to what claimed by . It is important to remark that the same tests conducted with x = 6 (EIGEN-CG01C) and 8.7 (GGM02S) do not yield appreciable differences.
The complete results of our simulations are shown in Table 4 .
Discussions and conclusion
In this paper we addressed the problem of a quantitative evaluation of the impact of the secular variations of the even zonal harmonics on the measurement of the Lense-Thirring effect with the combination of eq. (1) involving the nodes of LAGEOS and LAGEOS II. We realistically simulated the time series analyzed in (Ciufolini and Pavlis 2004 ) and we performed 5000 runs randomly varying the noise level and the mismodelling of the included dynamical effects within the range of the currently known uncertainties. In each of such runs we fitted the simulated signal with a straight line only and with a quadratic polynomial and compared the so obtained slopes. The average of such differences is assumed to represent a measure of the impact ofJ ℓ on the Lense-Thirring effect for a given T obs .
Here we summarize the abbreviations used in the text and in Table 4 .
IM. Simulated time series of δΩ LAGEOS + c 1 δΩ LAGEOS II .
LF. Linear fitting function a 0 + St.
QF. Quadratic fitting function
∆ LF−QF . Averaged percent difference between the slopes of LF and QF of the complete IM. It yields the systematic error due to theJ ℓ .
∆ LF−LT . Averaged percent difference between the slope of LF of the complete IM and the Lense-Thirring effect as predicted by GTR.
In regard to the test performed by Ciufolini and Pavlis (2004) over 11 years with the combination of eq. (1) and the EIGEN-GRACE02S Earth's gravity model, the systematic error due to the secular variation of the even zonal harmonics amounts to 13%, on average, at 1-sigma. Thus, the total systematic error can be conservatively evaluated as
For EIGEN-CG01C we have δµ total LT ≡ (grav) 2 + (nongrav) 2 = (6 + 13 + 2) 2 + 2 2 = 21%.
GGM02S yields δµ total LT ≡ (grav) 2 + (nongrav) 2 (8.7 + 13 + 2) 2 + 2 2 = 24%.
All these figures are 1-sigma bounds. These results show that the 1-3 sigma 5-10% total error claimed by Ciufolini and Pavlis, who used only one Earth's gravity model, is optimistic. Moreover, the present-day uncertainty in the knowledge of the static part of the geopotential does not yet allow for a fully reliable, model-independent determination of the gravitomagnetic effect with the combination of eq. (1).
An inspection of Table 4 shows that the secular variations of the even zonal harmonics represent a limiting factor also for longer and shorter time spans. Unfortunately, the expected improvements in the knowledge of the static part of the geopotential from the forthcoming GRACE solutions will not ameliorate the situation with respect to the problem of theJ ℓ .
Possible alternatives are
• The analysis of different combinations of orbital residuals including also other satellites. The most viable observable is, in principle, a combination of the nodes of LAGEOS, LAGEOS II, Ajisai and Jason-1 (Iorio and Doornbos 2005) . It allows to cancel out, by construction, J 2 , J 4 , J 6 along with their secular rates. According to, e.g., EIGEN-CG01C the systematic error due to the static part of the geopotential is < 2% (1-sigma). Of course, the reduction of the data of Ajisai and, especially, Jason-1 in a truly dynamical way to a level comparable to that of the LAGEOS satellites would be required: it is not a trivial task. The impact of the non-gravitational perturbations would be larger for Ajisai and, especially, Jason-1 than for LAGEOS and LA-GEOS II. However, it must be noted that the coefficients with which they enter the combination are of the order of 10 −3 − 10 −2 and no very long-period sinusoidal perturbations would be introduced. With Jason-1 the orbital maneuvers should also be accounted for, but they are mainly in-plane.
• The launch of another satellite of LAGEOS-type like the well-known LARES or OPTIS (Lämmerzahl et al. 2004) . As shown in (Iorio 2005b) , the improvements in our knowledge of the gravitational field from the GRACE mission would allow to make the requirements on the orbital geometry of such a new laser target much less stringent than in the originally proposed LARES mission. In particular, it would be possible to reduce its semimajor axis from 12270 km to 7500-8000 km: this would allow to greatly reduce the costs of the mission. due to the static part of the even zonal harmonics on the Lense-Thirring effect for the combination of eq. (1) according to the variance matrices of the Earth gravity models EIGEN-GRACE02S, EIGEN-CG01C and GGM02S. The linear sum of the absolute values of the individual terms have been used in order to give realistic 1-sigma upper bounds.
Tables
Earth's gravity model EIGEN-GRACE02S EIGEN-CG01C GGM02S δµ geopotential LT 4.1% 6.3% 8.7% Table 3 : Weighted means and standard deviations from Table 1 of (Cox et al. 2003 ) of the secular rates of the first three even zonal harmonics in units of 10 −11 yr −1 . 
